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DENSITYF- AROUND

MACHNUMHERS1.30

ByPaulB.Gooderumand

~

ASl?HEIUZA!l!

AND1.62

GeorgeP.Wood

Interferogramsweretakenoftheflowarounda sphereatMachnum-
bersof1.30and1.62. Theresultsoftheevaluationoftheseinter-
ferogramsareshownasplotsofcontoursofconstantdensityratioin
theflowfieldaroundthesphereendasthedistributionofflowvari-
ablesalongtheaxisofsymmetrybetweenthestickwaveandthesphere.
Inappendixesthetheoryoftheanalysisisreviewed,sourcesoferror
arediscussed,
interfemgrsms

andthedetailedprocedure
isdescribed.

INTRODUCTION

usedin theevaluationofthe

Oneoftheflowproblemscurrentlyreceivingattentionisthatof
theflowbehinddetachedshockwaves.Thepresentpapergivesexperi-
mentaldataontheflowbehindthedetachedshockwavesona sphere.
Thesedataconsistprincipallyofdensitydistributionsaroundspheres
andwereobtainedfortwosupersonicMachnumbersbyanalysisofinter-
ferograms.Previousinvestigationsofaxiallysymetricflowbyinter-
ferometrycanbefoundinreference1.

Fortheconvenienceofthoseinterestedintheapplicationof
interferometrytothestudyofaxiallysymmetricflowfields,the
symbolsusedaregiveninappend~A andthetheoryoftheanalysisis
reviewedinappendix~B.A discussionisgiveninappendixC ofthe
sourcesoferrorandtheaccuracyoftheresultsobtainablefrominter-
ferogramsofaxiallysymetricflow.(Thisdiscussionissomewhat
similartothosegiveninreferences1 and2.) Becausereasonable
accuracyintheresultsrequiresthatmuchcarebetakeninmeasuring
andinplottingfringeshifts,a detaileddescriptionofthecomputa-
tionalprocedurethatwasusedtoobtainthefinalresultsisgivenin
appendixD. A tableofthecoefficientsfor50zonesforuseinthe
Weylmethodofevaluationhasbeencalculatedendisalsogiven.
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Thetestsetupconsistedprincipallyofa supersonic-jetapparatus
thatgavea 3-inch-squarefreeJetandaninterferometerwith4-iIich-
squareplates.Thisapparatushasbeendescribedinreference3. The
onlychange“intheapparatuswasa changeinthefilmmagazinetopermit
theuseof70-millimeterfilmratherthanthe35-millimetersizeprevi-
ously.used.TwodifferentMachnumberswereobtainedbyusingtwo
supersonicnozzlesshilsrtothosedescribedinreference3. Thetest
modelwasa steelsphere1/2inchindiameterthatwassupportedfrom
behindbya sting1/8tichindiameter.

RESULTSANDDISCUSSION

Interferogyams
.

Aninterferogramthatshowedtheundisturbedfringesinthetest
sectionwastakenwithnoflow(fig.1)andthenaninterferogramof.
theflowaroundthesphereatMachnumber1.30wastaken(fig.2). The
sameprocedurewasfollowedata flowMachnumberof1.62;theno-flow
titerferogramisshowninfigure3 andtheflowinterferogram,infig-
ure4. Crosssectionsweredrawnontheflowinterferogramsperpendicu-
lartotheaxisofsytmnetry.Thevixriationofdensityalongeachcross
sectionwasthenobtainedbythemethoddescribedinappendixesB andD.
A plotoftheratioofdensityalongthecrosssectiontofree-stream

9

.

densitywasmadeforeachcrosssection.

DensityDistributions

Theplotsofdensity”ratioaiongthecross

.

sectionswereusedfor
plotting;ontotisofconstantdensit~ratiointheflowfieldaround
thesphere.Expertientalpointstakenfromtheunfairedplotsofden-
sityratioareshowninfigure5. Thecurvesthatareshownarefaired
throughthesepoints.

Themethodof’analysisoftheinterferogrsmsthatwasusedhasthe
disadvantagethattheresultsobtainedareinaccurateina smallregion
imediatelybehinda discontinuityinthedensity.(Thereasonforthe
inaccuracyisexplainedinappendixC.) Becauseofthisinaccuracy-in
theresultsimmediatelybehindtheshockwave,pointsontheplotsof
densityratiothatwereneartheshockwaveandthatwereobviouslyin
errorwerenotincludedinfigure5. Foreachcontourinfigure5,
therefore,a smallregionadjacenttotheshockwaveexistsinwhich
experimentalpointshavenotbeenobtained.Thedensitycontourshave
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notbeenextendedthroughthisregiontotheshockwave.Ontheshock .
wave,however,thecorrectlocationoftheintersectionofeachcontour
withtheshockwave@s beenindicated.Thelocationsoftheinter-
sectionswereobtainedfromtheequationforthedensityratioacrossa
two-dimensionalobliqueshockwavewithuseofmeasuredslopesofthe
shockwati. ,

Themagnitudeofanysystematicerrorsinthecontoursshownin
figure5 isnotlmown.Theuncertaintyinthelocationofthecontours,
asidefromanysystematicerrors,isbelievedtobenotlargerthanplus
orminusapproximatelyone-halfthedistancebetweenadjacentcontours.

FlowVariablesalongAxis

Thedistributionoftheflowvariablesalongtheaxisofsymmetry
isofinterest.Theregionoftheaxisis,however,a regionofrela-
tivelylargeerror.b ordertoobtainwhatarethoughttobethebest
valuesofdensityratioalongthesxis,thevaluesattheaxis,obtained
byfairingtheplotsofdensityratioforeachcrosssection,wereused
toplotthevariationofdensityratioalongtheaxisbetweentheshock
waveandthesphere(fig.6). Immediatelybehindthenormalpartofthe
shockwave,thedensityratioiswell-knownfromtheRankine-Hugoniot
relations.Atthenoseofthesphere,thecorrectvalueofthestagna-
tiondensityisslsoknown.Thesetheoreticalvalueswereusedin
fairingthecurvesshowninfigure6 throughtheexpe@uentalpoints.
Thedensityratiosalongtheaxisgivenbythefairedcurveshavealso
beenconvertedtoratioofstaticpressuretostagnationpressure
(fig.7). Thedistributionofdensityratioalongtheaxishasalso
beenconvertedtitothedistributionofMachnumbershown-infigure8.
(Thestagnationtemperatureforthefree-streamMachnumberof1.30
was524.4°F abs.andforMachnumber1.62was 533.1°F abs.Thefree-
stresmdensityforMachnumber1.30was0.003215slug/cuftandfor
Machnumber1.62was 0.003501slug/cuft.)

Thevariationofdensityratio~ongthesurfaceofthespherefor
Machnumber1.62isshowninfigure9. me exper~ent~potit~
takenfrm theplotsofdensityratioalongeachcrosssection.

CONCLUDINGREMARKs

Experimentaldataontheflowsroundspheresatsupersonic

were

speeds
havebeenpresented.Althoughgreateraccfiacyinthe‘&tawould-be
desirable,thedatagivenherein-areaccurateenoughthattheyshould
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beofuseh checkingandevaluatingtheoreticaltreatmentsofthe
problemofpredictingtheflowbehin~detachedshockwaves.

.

LangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

Ls.ngleyAirForceBase,Vs.,JuneM?,1950
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APPENDIXA

SYMBOLS

radiusoffirstzone

coefficient

axialdistance”

numberofzone

zonenu@er

fromcenterofcurvatureofshockwave

atwhichdensityisrequired

distancethroughtestsectionorthroughdisturbance

Machnumber

numberofoutermost

indexofrefraction

pressure

zone

radialdistsncefromaxisofsymuetry -

radius

fringeshiftperunitfringewidth

temperature

valueof v forwhichdensityis.required

Cartesiancoordinateindirectionof~deviated

Csrtesiancoordinateperpendiculartolightray
streamflowdirection

zonewidth

ratio-ofspecificheats

5

light ray

andtofree-

L---- . . . .. ..–—.-..__.-..-_—______ ..–————.-——————.—- -------
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K Gladstone-Daleconstant

ho wavelengthOf●li@t inVaCUUDl

v differencebetweenindexofrefractionatpoint.r and
referenceindexofrefraction

P density

P referencedensityref

9 anglebetweenrayandnormaltosurface

Subscripts:“ .

s stagnation

o freestream

1 unrefrattedr~; al.$o,correctvalue

2 refractedray;also,approximationtocorrectvalue

\.

.
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APPENDIXB

ANALYSIS

Theproblemistodeterminethedensityfromtheknownfringe
shift. Forthetwo-dimensionalcase,wherethedensityisnota func-
tionof x,therelationbetweenfringeshiftanddensityhasbeen
showninreference3,forexample,tobe

For
of

s
[ 1‘~P(Y) - PrefL “
o .

thethree-dimensionalcase,wherethedensityisa functionalso
x,thefringeshiftatanypointontheinterferogramisthesum-

mationoftheshiftsproducedineachelementofpathoftherayof
light. Iftheassumptionismadethatthedensitydistributionis
axiallysymmetric,then p isa functionof r done. Iftheaddi~
tionalassumptionismadethat,withinthedisturbance,thelightray
doesnotdeviatefroma straightlinethatisparalleltothex-axis.
thentherelationbetweenfringeshift

J [_2K m
s by ‘(r)-

andden~ityis

1‘refe (1)

Threemethodsofhandlingequation(1)havebeenproposed.The
earliestisthatwhichisdiscussedbySchardin(reference4): Inthis
method,thedisturbanceisdividedintozones,asshowninfigure10,
wherea zoneistheregionbetweentwoadjacentconcentriccircles.
(Thezonebetweencirclesi end i + 1,forexsmple,isreferredto
inthepresentanalysisaszonei.) Theassumptionisthenmadethat
thedensityisconstantineachzone.Theresultingequation,whichis
thusanapproximationtoequation(1),canbesolvedfor p(r).

.
lhthesecondmethod,whichwasintroducedbyVanVoorhis(refer-

ence1),thevalueofthequtity p(r)- pref
tobea linearfunctionoftheradiusr ofthe
equation,whichisthusalsoanapproximationto
solvable.

ineachzoneisassumed
zone.Theresulting
equation(1),is

Inthethirdmethod,whichwasintroducedbyWeyl(reference2), ~
equation(1)issolvede~ctlyfor p(r)- prefandtheresulting
definiteintegralisapproximatedbyassumingthatin-eachzonethe
fringeshiftisa linearfunctionof #. Firstthevariables

.

. . .. ....- . .. . . ___ —. ~.-.,- - . --- - .-—-— . .—. .— _____ __ _______ - _



8 .

v=r 2

U=R

and

“v=
[ 1Kp(r)-Pr&

sre substitutedintoegyation(1)togivethe
.

m ‘m2173

equation

J

0

Thisintegralequationistiesame.asVolterra’sintegralequationof
thefi~stkindexceptthatthelimitsofintegrationclifferfromthe
Volterraequationlimitsof O and u. Thisequationcanbe solved
ina mannersimilartothatusedforsolvingVolterra~sequation(refer-
-ences2 and5). Theresultis

wherethe
resulting

v(w) = -> J‘XkM!u
WV==

primeiudicatesdifferentiationwithrespectto u. This
integralcanbecomputedbybreakingtheintegralintosteps,

onestep foreachzone,andfiassun&gthath eachzonethefringe--
shiftS(u) isa linearfunctionof u,whereri2~u~ ri+12.Then

%+1- Sk

“ A.‘-1Iv uk+luk+l-uk=-—
Yc
k=i % =’” ~

U

*
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Forzonesofeqtialwidthz,

and

2L_&L .

J.

‘i’s ~( ‘k- ‘k+l)
=i

Equation(2)-isanapproximationto

9

~(k+l)2-i2-@-i2
2k+l (2)

thesolutionofequation(1)and
istherelationthatwasusedforcomputingtheresultsgiven~ the
presentpaper.

●

Thecoefficients

2
2--

&,i=i(k+l) jki+~

for50zoneswerecalculatedbytheBellTelephoneLaboratories
x-66744relaycomputerattheLangleyLaboratoryandaregivenin “
tableI. .

.
Thesituationmayarisethatwouldmakedesirabletheuseofmore

‘than50zones.Becausethenumberofcoefficientsisapproximately
equal to W thesquareofthenumberofzones,a largenumberofcoef-
ficientswouldhavetobecalculated.Amethodhasbeendevisedin
whichthenumberofcoefficientsisequalonlytothenumberofzones
andeachcoefficientisalsoeasiertocalculate.Theideaistouse
zonesnotofequslwidthbutofradiusproportionaltothesquareroot
of i,

z = ri+~-ri

wherea istheradiusofthefirstzone.Then

Y(2L0 -
vi=— Sk- Sk+l)(~~1 -m)

‘a k=i

.
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Thecoefficientisa functiononlyof k - i,whichranges
from O to N.-1. Therefore,onlyN coefficientsneed

NACAm 21.73

invalue
becalculated,

ratherthanNz/2.Thisnewm6thodwasnotusedinthecalculationsfor
thepresentpaperbutismentionedbecauseofitspossiblevaluein
,futurecalculations..

.

.
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APPEmIxc

SOURCESOFERROR

.
●

Thepurposeofthepresentsectionistoconsiderscmeofthe
sourcesoferrorinherentintheapplicationofequation(2).Equa-
tion(2)canbeusedfordeterminingdensitydistributionwithsuffi-
cientaccuracyonlyifthefollowingconditionsaresufficientlywell
satisfied:

(a)Theindexofrefractionofthegasvarieslinearlywithdensity

(b)‘Areferencedensityatsomepointinthefieldofviewofthe
interferometercanbedetermined

(c)Thedisturbanceisrotationally
isknown

(d)Thelightbesmisnotrefracted.

●

symmetricalaboutansxisthat

(e)Thevariationwith y offringeshiftS(y)fora cross
sectionofthedisturbanceperpendiculartothesxisofsymmetryis
lnlown

(f)Thevariationwithu offringeshiftS(u) canbereplaced
bya seriesofstraightlines

Asfarasisknown,condition(a)isalwayssufficientlywel.1
. satisfiedbyair.Whethercondition(b)issatisfiedatallisgener-

allydeterminedbytheexperimentalsetup.Forthepresentinvestiga-
tionthereferencedensitywasthefree-streamdensity.Fordetermining
thefree-streamdensity,thevslueofthestagnationtemperaturewas
measuredattheinstanttheinterferogrsmwastaken.TheMachnumber
givenbythenozzlewasknownfroma previouscalibrationdescribedin
reference6. Thefree-streamtemperaturewasthencalculatedfromthe
relation

0

Ts
—=l+y$T

Thenthefree-streamdensitywascomputedbythegeneralgaslawunder
theassumptionthatthefree-stresnl~taticpress~eW& e&altothe
ambientatmosphericpressure,whichwasmeasured.Thedeterminationof
free-streamdensityis,ofcourse,subjecttosomedegreeofuncertainty.
Theerrorinfree-streamdensityisesthatedtobenotgreaterthan
3percent,andtheprobableerrorisestimatedtobeabout1 percent.

------ ----- ----- -—--- -——----- —-—— .. —- .— - — - -— . - - -- ..-—— -.— -.—- —- ——--———--- —-
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Condition(c)isassumedtobe satisfiedforthepartoftheflow
fieldthatisbehindtheshockwaveandsheadofthemostupstreampsrt
oftheintersectionoftheshockwavewiththemixingregionatthe
edgesofthejet.Becausetheshmkwaveisaxia3#ysymmetricandthe
jetissquare,assoonastheshockwavereachestheedgeofthejet,
condition(c)isnolongersatisfied.

#
Condition(d),thatthelightbeamisnotrefracted,isusually

sufficientlywellsatisfiedinrotationallysymmetricflow.(Theonly
placetheeffectsofrefractionarelikelytobelargeisinboundsry
layersintwo-dimensionalflow.)Thattheeffect.ofrefractionon
fringeshiftsndoncalculateddensitywasfairlysmallinthepresent
casewasdeterminedbycalculatingtheeffect..The.purposeofthe
calculationwas,nottomakea preciseanalysisoftheeffectsofrefrac-
tionbuttodetermineapproximately-themagnitudeoftheeffectoncal-
culateddensityintheregionwheretheeffectwaslsrgest.Thatregion
isatthenoseoftheshockwave.Certainassumptionsthatgreatly
simplifiedtheanalysiswerethereforejustified.Theassumptionwas
madethattheregionbehindthenoseoftheshockwavewasa spherical
regionofconstantdensity.Whena rayoflightimpingesobliquelyon
a regionofgreaterdensity,therayisrefractedandemergesata
placedifferentfromtheplaceitwouldemergeifnotrefracted.The
opticalpathlengthis,therefore,changedbytherefraction.Because
ofthechangeinopticalpath,thefringeshiftproducedbytherayis
SlSOchanged.Figure11showstherayoflightenteringthesphere.
at ~ andleavingat P2. Onlya meridianplane,definedbytheray
andthecenterofthesphere,
lengthwithoutrefractionis

L1=

=

%?=

=

sin@l=

needbeconsidered.Thegeometricalpath
~ andwithrefractionis ~L2 .

.,

and,inasmuchas

— ..



w m 21.73

●

then

13

● nld
sin@2= —~R

Therefore,

2

()

nld
l-—

w
~2

1- ()F
.

Thevalueof n
6?

outsidethesphere(inthefreestream)is1.0004at
MachDumber1.2. Thedensitywithinthesphereisassumedtobetwice
thatoutsidethesphere.Then,becausen -1 isproportionaltothe
density,thevalueof n2 insidethesphereis1.0008.Theratioof n2
to nl is1.0004.Thevaluesof L2/Llforvariousvsluesof.d/R
areshowninthefollowingtable,togetherwiththepercentageerrorin
thefringeshift.Thecorrespondingvaluesofdistancebehindthenose
oftheassumedsphereofconstantdensity,expressedintermsofthe
distancebetweenthenoseoftheshockwaveandthenoseofthesphere,
areshowninthelastcolumnofthetable.

d/R

0.995”
.ggo
.980
.960
.940
.920

$/%

1.039
1.019
1.010
1,oo~
1.003
1.002

Errorin
fringeshift,
percent

399
1.9
1.0

:; “
.2

Percentof
distsncefromshock
wavetosphere

;
l-l
22
32
43

Thevaluesoftheradiusofcurvatureoftheshockwaveatitsnose,
2.9timestheradiusofthemodel,andoftheaxisldistancebetween
theshockwaveandthemodel,0.56timestheradiusofthemodel,were
takenfromreference6.

Theeffectofrefractionisseentobe smallexceptimmediately
behindtheshockwave.There,however,theerrorduetorefraction
still.berelativelyunimportantbecauseatthessmeplacetheremay

may
be

.. - .- --- — - .. .-.-—. .-.-—-----.- ... —..--—— -—--— —. -- —--—- - —- —.-——.——- ---- -,, ,.
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●

a largererrorduetothe“overshooting”inthecomputeddensitythat
occursimmediatelybehinda discontinuityinthedensity,suchasexists
ata shockwave.(Theovershootingisex&lainedsubsequentlyinthe .
discussionofcondition(f).) .

Whethercondition(e)issufficientlywellsatisfiedforthetom- ‘
putedvalueofdensitytoliewithingivenlimitsofuncertaintydepends
ona numberoffactors.A relationthatgivestheeffectofsomeof
thesefactorsisderived.Figure10showsa crosssectionoftheflow
fielddividedintoconcentriczones.A typicalrayoflightisshown
traversingthefield.Theimermostzonethroughwhichthisraytravels
isdesignatedzone i. Theassumptionisthenmadethat,forthisray,
thefringeshiftduetothedensityoutsideofzonei isaccurately
known.Theproblemistodeterminehowmucherrorinthefringeshift
at y= i canbetoleratedfora givenuncertaintyinthedetermination
ofthedensityatthesameplace.Let Sil bethecorrectvalueof
fringeshiftat y = i and Si2 theapproximationto Sil. Theerror
infringeshiftis ●

As= si~ - si2

Fromthedefinitionof v andequation(2),

vi = K(pl
1 - Pref)

Y(2A0 -=—
~z k=i Sk- )Sk+l1 Ak,i

‘ip (. )= ~ P2 - Pref

Ph N-1
o=— ‘E(Sk- )‘k+l2 ‘k)i
n k=i

Then,becauseallthefringeshiftsfrom k = i + 1 to k = N -1 sre
assumedtobeaccuratelyknownandarethessmeforbothcase1 and
case2,

AP=P1-P2

1.

(3)

.

. . ..— ---- — -—-- -— - -
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Equation(3)canbe
shiftmustbeknown

usedtocalculatetheaccuracy
fordeterminingdensitywithin

withwhichfringe
s~cifiedlimits.

Theequationisusedhereintoinvestigatetheeffectoferrorin
thevslueofthefringeshiftonthevalueofthedensityfora semple
case.A squaredensitydistributionasshowninfigureI-2isassumed.
Thecorrespondingfringe-shiftcurveisalsoshown.Theassumptionis
madethatthisfringe-shiftcurveisknownto+0.001.llromthisfringe-
shiftcurvethedensitydistributionis.inturnrecalculated.The
resultisthesolidcurvethatpeaksatzone24. Theovershootingthat
occursatthediscontinuityindensityisnottheresultoftheuncer-
taintyof0.001inthefringeshiftateachzonebutiscausedbyfail-
ureofcondition(f)tobe satisfiedandisdiscussedsubsequently.
Forcomparison,theassumptionsarealsomadethatthefringeshift
is0.02toohighateveryzoneandalsothatthefringeshiftis0.02
toolowateveryzone.Thedensitydistributionscalculatedunderthese
assumptionsarenotshowninfigure12sincetheyare-almostindistin-
guishablefromeachotherandalsofromthedensitydistribution
obtainedundertheassumptionofanuncertaintyof0.001.

Equation(3)isnowappliedandisfoundtogive,atzone15,for
AS= 0.02,a“valueof Ap of0.00014slugpercubicfoot.Theactual
valueof Ap is0.00001slugpercubicfoot.Forthiscase,therefore,
equation(3)givesa veryconservativeestimateoftheerrorindensity.

Applyingequation(3)toa casewhereitwillgi~ theleastcon-
servativeestimateoferrorisdesirable.Thelargesterrorindensity
occurswhentheerrorinthefringe-shiftcurveisanoscillatingone
thatchsngessignateachzone.Thedensitydistributionobtained
underthisassumptionoffringe-shifterrorisshownbytheoscillating
curveinfigure12for IASI= 0.02.Atzone15theerrorindensity
is0.0001slugpercubicfoot.Thisvalueistobecomparedwiththe
value0.00014slugpercubicfootcalculatedbyequation(3).Equa-
tion(3),therefore,appesrstobea goodapproximationinthiscase,
whichisonethatsimulatesthosethatoccurinactuelpractice.

Satisfyingcondition(e),thatis,obtainingfringeshiftwith
sufficientaccuracy,isperhapsthemostdifficultrequirementtomeet
inobtainingdensitydistributionsinthree-dimensionalflows.Because
equation(3)soclearlyillustratesthedifficulty,theequationis
usedinanotherexampletoshowhowaccuratelythefringeshiftsmust
beknownforthedensitytobedeterminedaccurately.A typicalposi-
tioninfigure5(b)ischosenandtherequirementismadethatthe
densitybeobtainedwithin1 percent.Apositionischosenaboutmidw~

.

- -. . . ..- .—.. ——-- -. —----- —- —-. —-—- .- ——-— — . _ .-— --- ..- --—— - -— —-—-
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alongthecontouronwhichtheratioofdensitytofree-stresmdensity
is2.0.Forthisposition,

ho= 5.17x 10-5centimeters

z = 2.3x 10-2centimeters

K = 0.u67cubicfootperslug

i = 24

Ai,i = 0.14

P = 0.007~slugpercubicfoot

Ap= 0.00007slugpercubicfoot

Then,byequation(3),

As= 0.04

Inthepresenttivestigation,fringeshiftscouldgenerallybedeter-
minedwitha~roximatelytwicethisemountofuncertainty,or AS
approximatelyequalto0.1,fortheinterferogramoftheflowatMach’
number1.62. FortheinterferogramtakenatMachnumber1.30,howevel
thefrjngeshiftsweresomewhatmoreuncertainthanfortheotherinte.
ferogrsm.Themodelisfartherfrmutheendofthenozzle,andturbu-
lenceinthetiingregionsonthetwosidesofthejetthroughwhich
thelightpassescausesappreciableirregularitiesinthefringepatter

Thattheeffectofshrinkageofthefilmduringdevelopmentwas
negligiblysmallwasfoundbyphotographinga trsnspsxentscale.
Furthermore,byenlargtigphotographsofa scale,itwasfoundthatdis-
tortionstitroducedbythelensoftheenlargerwerealsonegligibly
smell..

,.

Condition(f)isthat S(u) canbereplacedbya straightlinein
eachzone.Weylhasshown(reference2)thatthisconditionissuffi-
cientlywell.satisfiedeverywhereexceptinzonesinwhichtherateof
changeof S’(u)islarge,thatis,wherethesecond~erivative
of S(u)haskrgeabsolutevalues.Atshockwavesthesecondderiva-
tiveof S(u) isve~large.Theresultisthatcondition(f)is
grosslyviolatedandthecalculateddensityovershootsatshockwaves.
Atotherplaceswherethesecondderivativeislarge,butnotsolarge’ o
asatshockwaves,condition(f)can,by
generallybesufficientlywe~ satisfied
violationofcondition(f)isacceptably

theuseofsmallerzonewidths,
inthattheerrordueto
SmR1l. a
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APPENDIXD

COMPUTATIONALPROCEDURE

17

.
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.

Thenegativesoftheinterferogramswereaboutl;inchesindiame-
ter.Printsweremadeh whichthenegatives&re enlargedabout
16dismetersandtheseprintswereusedforallmeasurements.

flow
tion

Thecomputationalprocedureusedisasfollows:

Theaxisofsymmetrywasdrawnoneachinterferogrsm.Oneachno-
interferogramthefringeswerenumberedarbitrarily.A crosssec-
wasdrawnperpendiculartotheaxisofsymmetryandtheposition

ofeachfringewasmeasuredalongthecrosssection.Thenfringenumber
wasplottedasa functionofposition.A largescslethatwillpermit
readingthecurvewiththerequiredaccuracyhadtobeused.

Ontheflowinterferogrimus,linesperpendiculartothesxisofsym-
metryweredrawn.Theselineswerespacedabout1/10inchapartand
denotedthecrosssectionsalongeachofwhichthefr~e shiftwasto
bemeasured.Againthefringeswerearbitrarilynumberedandtheposi-
tionsofthefringesweremeasuredalongeachcrosssection.Theposi-
tionsofboththeblackandthewhitefringesweremeasured,becauseon
partoftheinterferogramthefringesrunalmostparalleltothecross
sectionsandthenumberofpointsis,. therefore,lessthanisdesirable.

Thenextstepwastodeterminethefringeshiftateachmeasured
pointoneachcrosssection.Thepositionofeachfringeislmown.The,
positionofthedisturbedfringewasusedinthepreviouslymentioned
plotoffr~e numberasa functionof.fringepositiontodeterminethe
numberoftheundisturbedfringeatthatposition.Thenthenumberof
theundisturbedfringewassubtractedfromthenumberofthedisturbed
fringetogivethefringeshift.

Becausethefringeshadbeenarbitrarilynumbered,aKlfringe
shiftswereadjustedbytheamountnecessarytomaketheundisturbed
fringeatthessmelocationinbothflowandno-flowinterferograms
havethesamenumber.Thisadjustmentistantamounttonumberingthe
fringesoneithertheflowortheno-flowinterferogramnotarbitrarily
butinsucha waythatthesamenumberisgiventothesamepositionin
theundisturbedportionofbothinterferograms.

Becausethefree-stresmdensitywastobeusedasthereference
densityincomputingdensitydistributionaroundthespheread because
thefringeshiftmustbeassumedtobezeroforthereferencedensity,

..- - —.- . --- .— ..—. .—- .-~ .. —- . _ -... ---- .——. . . .. .. . -. .=. _.—_ .—. _-
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thefringeshiftinthefreestreamhadtobedeterminedandsubtracted
fromallotherfringeshifts.Thefringeshiftinthefreestresmwas
determinedfromthefree-streamdensitywhichwascalculatedasdescribed .
inappendixC.

A crosssectioninthefreestreamwaschosenasgivingtheposi-
tionsofthereferencefringes.Thefringesinthefreestreamwere
ata slightangletotheaxisand,therefore,tothecrosssections
whichweredrawnperpendiculartotheaxis.Thistiltofthefree-
streamfringeshasaneffectonthefringeshiftsmeasuredalongeach
crosssectio”ninthatitcausesthemtobedifferentbyanamountthat -
isproportionaltothetangentoftheangleoftiltandtothedistance
ofthecrosssectionfromthereferencecrosssection.l%operadjust-
mentofthemeasuredfringeshiftsalongeachcrosssectionwasmadeto
eliminatetheeffectofthetilt.

Thenextstepwastoplotfringeshiftasa functionofposition.
Hereagain,caremustbetakentousea sufficientlylargescale.The
plotwasthendividedintozones,withthezeroethzoneattheaxisof
symmetry.Zonewidthisgenerallydeterminedbya numberoffactors.
Equation(3)showsthatthegreaterthezonewidththelesstheerror
indensityduetoviolationofcondition(e).Ontheotherhand,the
greaterthezonewidth,thesmallerthenuniberofzones,thelesswell
condition(f)issatisfied,andthesmallerthenumberofexperimental
pointsthatwillbeobtained.A compromiseinzonewidthis,therefore,
necessary.Forthepresentinvestigation,thecrosssectionswere
seperatedintogroupsofnineeach.Thesamezonewidthwasusedfor
sllcrosssectionsina groupandwassuchthatthelongestcrosssec-
tionineachgroupwasdividedinto50zones..

ThenextstepwastoreadthefringeshiftateachzoneandthenI todetermine,bysubtracting,thechsngeinfringeshiftbetweenadja-
centzones.Thislastquantityistheq~tity Sk- sk+lt~t is
usedinequation(2)forcalculating-v.Thecomputationswere,madeby
theBe~ computer.l?romthevaluesof v thevaluesoftheratioof
thedensitytothefree-streamdensitywerecomputed.Thesevslueswere
usedtoobtaina plotofthedensityratioagainstzonenumberforeach
crosssection.A typicalplotisshownh figure13,whichisfora
crosssectionthatisaboutthree-fourthsofthewaybetweenthenose
oftheshockwaveandthenoseofthesphere.

Theplotforeachcrosssectionhastworegionswheretheinac-
curacyoruncertaintyisgreaterthanfortherestofthecurve.One
oftheseregionsisatandneartheshockwave.There
iscausedbyfailuretosatisfycondition(f),andthe
shootingorundershootingattheshockwave.(Infig.

. isatzone43andthecorrectdensityratiobehindthe

the inaccuracy
resultisover- .

13theshockwave
shockwaveis1.77.) ,
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Thedensityratioacrossa shockwaveisknown,however,fromwell-
establishedtheory.Thecorrectvaluesofthedensityratiobehindthe
shockwave,therefore,canbe shownontheplotsofdensityratio.The
otherregionofrelativelylargeinaccuracyisatandneartheSXiSof
symmetry(zonesO to5 infig.13). Thattheregionoftheaxisisa
regionofrelativelylargeinaccuracycanbeseenfromequation(3),
whichshowsthattheuncertaintyindensityisproportionaltothecoef-
ficient~,i. Thecoefficient~,i canbe seenfromtableI tobe
largerforzoneO,whichisattheaxisofsymmetry,thsnforanyother
zone.Unliketheotherregionofrelativelylargeinaccuracy,however,
forwhichthedensityratioimmediatelybehindtheshockwaveisknown,
thedensity-ratiodistributionalongtheaxisofsymmetryisnotknown
fromtheory.

.

,

.
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(a) M = 1.30.

Figure5.-Contours of constant ratio of density to free-stresm density.
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